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Orienting Matroids Representable Over Both GF(3) and GF(5)
JON LEE
For matroids representable over both GF(3) and GF(5), we provide a method for constructing an
orientation.
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1. INTRODUCTION
We assume familiarity with the basic definitions of matroid representation theory (see [4]).
Throughout, if M is a matroid, E(M) is the ground set, C(M) is the set of circuits, and C∗(M)
is the set of cocircuits.
For a set S containing 0, an S-mapping for a matroid M is a pair of maps
φS : E(M)× C(M) 7→ S,
φ∗S : E(M)× C∗(M) 7→ S,
satisfying
(8S) φS(e, X) = 0 ⇐⇒ e /∈ X, ∀ e ∈ E(M), X ∈ C(M),
(8∗S) φ∗S(e, Y ) = 0 ⇐⇒ e /∈ Y, ∀ e ∈ E(M), Y ∈ C∗(M).
For our main result, we rely on the following theorem of Bland and Lee.
THEOREM 1 (SEE [2]). Let M be a matroid. M is representable over a field F if and only
if there is a subset S of F, containing 0, such that M has an S-mapping φS, φ∗S satisfying
()
∑
e∈X∩Y
φS(e, X) · φ∗S(e, Y ) = 0, ∀ X ∈ C(M), Y ∈ C∗(M)
such that |X ∩ Y | ∈ {2, 3}.
There does not appear to be any reason for introducing the set S in Theorem 1, since we
could just take S = F . However, there is considerable interest in determining whether such
mappings exist for certain classes of matroids and restricted choices of S. For example, the
choice of
S = D0 := {0} ∪ {±2k : k ∈ Z} ⊂ Q
is particularly interesting. If a matroid M has a D0-mapping that satisfies , then M is called
dyadic. With Theorem 1, it is easy to see that dyadic matroids are representable over all fields
having characteristics different from 2: For a prime p, we use Z/p (the integers modulo
p) as our realization of GF(p). A D0-mapping satisfying  (over Q) yields, modulo p, a
GF(pn)-mapping satisfying  (over GF(pn)), for every odd prime p and positive integer
n. Furthermore, Q is isomorphic to a subfield of every field having characteristic 0, so the
D0-mapping directly satisfies  for fields of characteristic 0.
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Consider the set6 := {−, 0,+}, where elements multiply in the obvious manner. A matroid
M is orientable if M has a 6-mapping φ6 , φ∗6 satisfying
φ6(e, X) · φ∗6(e, Y ) > 0, for some e ∈ X ∩ Y
(⊥) ⇐⇒ φ6( f, X) · φ∗6( f, Y ) < 0, for some f ∈ X ∩ Y,
∀ X ∈ C(M), Y ∈ C∗(M) such that |X ∩ Y | ∈ {2, 3}.
An oriented matroid is a matroid M together with a 6-mapping satisfying ⊥ (see [1]).
There is an obvious way to derive a 6-mapping from an S-mapping, if S is a subset of an
ordered field F :
φ6(e, X) := sgn(φS(e, X)), ∀ e ∈ E(M), X ∈ C(M),
φ∗6(e, Y ) := sgn(φS(e, Y )), ∀ e ∈ E(M), Y ∈ C∗(M).
Moreover, if the S-mapping satisfies , then the derived 6-mapping satisfies ⊥. Therefore,
if M is representable over an ordered field, then M is orientable. If (M, φ6, φ∗6) is an oriented
matroid and φ6, φ∗6 can be derived from an S-mapping as above, where S is a subset of an
ordered field F , then we say that (M, φ6, φ∗6) is representable over F . For the special case in
which S = D0, we say that (M, φ6, φ∗6) is dyadic.
Our main result is a simple, constructive proof of the following.
THEOREM 2. If a matroid M is representable over both GF(3) and GF(5), then M is ori-
entable.
Theorem 2 is easily seen to be a consequence of the following.
THEOREM 3 ([5]). If a matroid M is representable over both GF(3) and GF(5), then M is
dyadic.
Whittle’s proof of Theorem 3 is not constructive and it is difficult.
Whittle has also demonstrated the following.
THEOREM 4 ([6]). If a matroid M is representable over both GF(3) and Q, then M is
dyadic.
Lee and Scobee have strengthened Theorem 4 as follows.
THEOREM 5 ([3]). If an oriented matroid (M, φ6, φ∗6) has its underlying matroid M rep-
resentable over GF(3), then (M, φ6, φ∗6) is dyadic.
As a corollary of Theorem 5, we have the following.
THEOREM 6 ([3]). If a matroid M is orientable and representable over GF(3), then M is
dyadic.
Theorem 2 provides a simple mechanism for deriving Theorem 3 from Theorem 6. Note
that Theorem 5, which yields Theorem 6, is difficult to prove, so we do not obtain a simple
proof of Theorem 3.
2. PROOF OF THEOREM 2
Let M be a matroid that is representable over both GF(3) and GF(5). By Theorem 1, M has
a GF(3)-mapping φGF(3),φ∗GF(3) satisfying , and a GF(5)-mapping φGF(5),φ
∗
GF(5) satisfying
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TABLE 1.
The bijection τ .
D80 Z/3 Z/5−8 1 2
−4 2 1
−2 1 3
−1 2 4
0 0 0
1 1 1
2 2 2
4 1 4
8 2 3
. Let D80 := {0,±1,±2,±4,±8}. Our strategy is to construct a D80-mapping φD80 ,φ
∗
D80
, that
need not satisfy , but with the property that the 6-mapping derived from the D80-mapping
does satisfy⊥. If p is an odd prime, we have already noted how reducing elements modulo p,
takes a D0-mapping to a GF(p)-mapping. Now, we focus on these functions for p ∈ {3, 5},
restricted to the domain D80 . Note how this function τ is a bijection from D80 to ((GF(3) −{0})× (GF(5)− {0})) ∪ {(0, 0)} that takes 0 to (0, 0) (see Table 1).
We use the inverse of this function to define a D80-mapping for M , from its GF(3)- and
GF(5)-mappings. That is,
φD80
(e, X) := τ−1 (φGF(3)(e, X), φGF(5)(e, X)) , ∀ e ∈ E(M), X ∈ C(M),
φ∗D80
(e, Y ) := τ−1
(
φ∗GF(3)(e, Y ), φ
∗
GF(5)(e, Y )
)
, ∀ e ∈ E(M), Y ∈ C∗(M).
Finally, we let φ6 ,φ∗6 be the 6-mapping derived from the D80-mapping φD80 ,φ
∗
D80
.
Next, we verify that the 6-mapping φ6 ,φ∗6 satisfies ⊥. We do this by contradiction. Con-
sider a pair X ∈ C(M), Y ∈ C∗(M), with |X ∩ Y | ∈ {2, 3}, that violates ⊥. For some
nonnegative integers ke and signs se ∈ {−,+}, we have
φD80
(e, X) · φ∗D80 (e, X) = se2
ke , ∀ e ∈ X ∩ Y.
Note that for a nonnegative integer k, we have
2k mod 15 ∈ {1, 2, 4, 8}.
Furthermore, by virtue of  for the GF(3)- and GF(5)-mappings, we have∑
e∈X∩Y
φD80
(e, X) · φ∗D80 (e, Y ) mod 15 = 0.
There are two cases to consider.
CASE 1. |X ∩ Y | = 2. Without loss of generality, take X ∩ Y = {e, f }. Then
se2ke + s f 2k f mod 15 = 0.
If the 6-mapping violates ⊥ on X, Y , then either both of se and s f are + or both are −.
Therefore
2ke + 2k f mod 15 = 0.
However, it is easy to check that two elements of {1, 2, 4, 8} cannot sum to a number that is
congruent to 0 modulo 15. So we have a contradiction.
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CASE 2. |X ∩ Y | = 3. Without loss of generality, take X ∩ Y = {e, f, g}. Then
se2ke + s f 2k f + sg2kg mod 15 = 0.
If the 6-mapping violates ⊥ on X, Y , then either all three of se, s f and sg are + or all are −.
Therefore
2ke + 2k f + 2kg mod 15 = 0.
Just as it was for two elements, it is easy to check that three elements of {1, 2, 4, 8} cannot
sum to a number that is congruent to 0 modulo 15. So, again, we have a contradiction. 
3. REMARKS
We note that although matroids representable over GF(3) have essentially unique GF(3)
representations, when such matroids are orientable, they may have more than one inequivalent
orientation. The simplest example is U 42 which has essentially one unique representation over
GF(3), but it has three inequivalent orientations. We also note that for matroids representable
over GF(3), when such matroids are representable over GF(5), they may have more than
one such inequivalent representations. Again, U 42 has three inequivalent representations over
GF(5).
There is a close relationship between the different orientations of a GF(3) representable
matroid and the different dyadic representations of such a matroid; this is the content of The-
orem 5. Our construction indicates how an orientation can be derived from the information
contained in representations over GF(3) and GF(5).
It is interesting to compare our situation with the class of matroids representable over both
GF(2) and GF(3). These matroids are unimodular; that is, for U := {−1, 0,+1}, a matroid
M is unimodular if M has a U -mapping satisfying . That U -mapping is essentially unique,
and it describes the essentially unique orientation of such a matroid. For such a matroid M ,
since it is representable over GF(2), there is no pair X ∈ C(M), Y ∈ C∗(M) with |X ∩
Y | = 3. Furthermore, for such a matroid M , from the GF(3)-mapping satisfying , we can
easily recover the (unique) GF(2)-mapping satisfying , the (essentially unique) U -mapping
satisfying , and the (essentially unique) 6-mapping satisfying ⊥.
So in the unimodular case, all of the essential orientation information can be encoded in a
GF(3) representation. In the GF(3)-representable case, sufficient information to develop an
orientation can be encoded in a pair of GF(3) and GF(5) representations. Owing to Theorem 5,
we can encode all of the orientation information of an oriented matroid whose underlying ma-
troid is GF(3) representable, in a Q representation (indeed, even in a dyadic representation).
Moreover, also because of Theorem 5, for any particular oriented matroid whose underlying
matroid is GF(3) representable, we can choose a large enough prime p so as to be able to cap-
ture all of the orientation information of such an oriented matroid in a GF(p) representation.
Our construction shows that using two representations, one over GF(3) and one over GF(5),
we can parsimoniously encode all of the orientation information for such matroids. We need
just observe that sgn(τ−1(τ (x))) = sgn(x), for all x ∈ D0, where we understand that the
range of τ−1 is D80 .
We close with an example. Consider, again, U 42 . We label the elements e1, e2, e3, e4. The
matroid U 42 is representable over GF(3) and over GF(5). We consider the following GF(3)-
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mapping which satisfies .
φGF(3) φ∗GF(3)
(co)circuit e1 e2 e3 e4 e1 e2 e3 e4
{e1, e2, e3} 1 2 2 0 2 1 1 0
{e1, e2, e4} 1 1 0 1 1 1 0 1
{e1, e3, e4} 1 0 1 2 1 0 1 2
{e2, e3, e4} 0 1 2 2 0 2 1 1
Also, we consider the following GF(5)-mapping which satisfies .
φGF(5) φ∗GF(5)
(co)circuit e1 e2 e3 e4 e1 e2 e3 e4
{e1, e2, e3} 1 4 3 0 4 2 1 0
{e1, e2, e4} 1 3 0 2 2 2 0 1
{e1, e3, e4} 1 0 1 3 2 0 1 4
{e2, e3, e4} 0 1 3 3 0 3 1 3
Applying τ−1 to (φGF(3), φGF(5)) and (φ∗GF(3), φ
∗
GF(5)), we obtain the following D
8
0-mapping
which does not satisfy .
φD80
φ∗
D80
(co)circuit e1 e2 e3 e4 e1 e2 e3 e4
{e1, e2, e3} 1 −1 8 0 −1 −8 1 0
{e1, e2, e4} 1 −2 0 −8 −8 −8 0 1
{e1, e3, e4} 1 0 1 8 −8 0 1 −1
{e2, e3, e4} 0 1 8 8 0 8 1 −2
Now, φ6 = sgn(φD80 ), φ
∗
6 = sgn(φ∗D80 ) does satisfy⊥ (this is insured by our construction that
proves Theorem 2).
We note that φ6, φ∗6 can also be derived from the following D0-mapping which satisfies.
φD0 φ
∗
D0
(co)circuit e1 e2 e3 e4 e1 e2 e3 e4
{e1, e2, e3} 1 −1 8 0 −16 −8 1 0
{e1, e2, e4} 1 −2 0 −8 −8 −8 0 1
{e1, e3, e4} 1 0 16 8 −8 0 1 −1
{e2, e3, e4} 0 1 8 8 0 8 1 −2
Furthermore, reducing this mapping modulo 3 and modulo 5 yields φGF(3), φ∗GF(3) and φGF(5),
φ∗GF(5) above.
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